For the first time, to our knowledge, we report ray-tracing simulations of an advanced liquid-crystal gradientindex lens structure for application in switchable two-dimensional/three-dimensional (3D) autostereoscopic displays. We present ray-tracing simulations of the angular-dependent lens action. From the results we conclude that the lens action of the advanced optical design corresponds to the desired performance for small viewing angles. For oblique viewing angles of approximately 30°and higher, the lens action becomes significantly weaker compromising the 3D performance of an autostereoscopic display. The general approach and the advanced ray-optics analysis procedures presented form a useful tool in the search for improvements for high viewing angles and enable a better understanding of the liquid-crystal technology discussed.
INTRODUCTION
An attractive technology for autostereoscopic threedimensional (3D) displays is based on LCDs equipped with an array of cylindrical lenses, called a lenticular. These types of 3D displays project distinct images (views) to each eye of a viewer without a loss in brightness, generating the binocular disparity and motion parallax depth cues [1] . The principle of operation of a multiview lenticular-based 3D display is shown in Fig. 1 . In 2004, an innovative technique has been developed for creating autostereoscopic 3D images by combining a multiview lenticular-based 3D display technology with advanced computer graphics and image rendering techniques [2] . The display technology involved makes use of a switchable liquid-crystal-based lenticular enabling switching between a conventional two-dimensional (2D) mode and an autostereoscopic 3D mode [3, 4] . The switchable lenticular is an array of negative lenses filled with liquid crystal. The liquid crystal can be switched between two optical states with the help of an electric field. As a result, the lens action of the lenticular can be switched on and off. In this way it is possible to have a high-brightness 3D display capable of regaining the full native 2D resolution of the underlying display.
Another attractive route to enable the switchable lens effect in a 3D display is the use of a liquid-crystal gradient-index (GRIN) lens structure [5, 6] . A GRIN lens has a lens action due to gradients in the material properties rather than a physically curved surface. Then a lenticular is no longer required, resulting in size reduction.
In contrast to isotropic lenses, the lens effect of a liquid-crystal GRIN lens is difficult to model. First, the inhomogeneous liquid-crystal profile needs to be simulated by minimizing the free energy, which can be done using software programs such as LCD Master [7] or 2dimMOS [8] . Then the optical properties of the obtained liquidcrystal profile are investigated by, for example, raytracing simulations. This means that the optical design of a liquid-crystal GRIN lens involves a complex process characterized by trial and error. In this paper, we will investigate the issues involved for the GRIN solutions in 3D displays. Pioneering studies on liquid-crystal GRIN lenses were done in the 1970s by Sato [9] and Berreman [10] . GRIN lenses based on liquid crystal appear in many forms and form a subject widely discussed in the literature [11] [12] [13] [14] [15] [16] . There are many methods available to calculate the optical properties of liquid-crystal GRIN lenses. For example, in [17] a ray-tracing algorithm is introduced to trace ray paths in inhomogeneous uniaxially anisotropic media and applied to a liquid-crystal lens. Although the so-called ray-bundle method discussed appears to be accurate, the ray-tracing procedure involves a complicated process when compared with the Hamiltonian principle discussed by Kline and Kay [18] . The Hamilton equations (based on the Hamiltonian principle) for ray tracing in inhomogeneous uniaxially anisotropic media are thoroughly discussed in the paper by Sluijter et al. [19] . Another simple but effective method is the so-called Huygens method based on the Huygens principle [20] , although it does not fully take into account the inhomogeneous properties of the liquid-crystal material. In this paper, we will apply geometrical optics and use ray-tracing techniques to model the propagation of light in inhomogeneous anisotropic media.
The liquid-crystal GRIN lenses discussed by Kraan et al. [20] form a different type of lens (beam-steering lens) than the one used in 3D displays. Moreover, light at normal incidence was considered, while the angulardependent behavior of a liquid-crystal GRIN lens is important, in particular for autostereoscopic multiview 3D displays.
In this paper, we will focus our attention to two different approaches to model liquid-crystal GRIN lenses: the Huygens and the Hamiltonian principles. We will apply both principles to investigate the angular-dependent optical properties of an advanced liquid-crystal GRIN lens structure for application in 3D displays.
LIQUID-CRYSTAL-BASED GRIN LENS
A liquid-crystal-based GRIN lens is an optical system that enables a lens effect due to an imposed gradient in the director profile of a liquid-crystal layer. The director is defined as the local direction of the optical axis. In what follows, we discuss the optical design of an advanced liquidcrystal GRIN lens for application in multiview autostereoscopic switchable 3D displays. Figure 2 (a) shows a schematic cross section of a liquidcrystal GRIN lens integrated in a 3D display. The optical configuration consists of two parallel transparent substrates with a liquid-crystal layer in between placed in front of a display. The distance between the lenses and the pixel plane of the display should be approximately the focal length of the lenses [see also Fig. 1(b) ]. Both substrates are provided with a rubbed polyimide (PI) layer to obtain a preferred alignment of the liquid-crystal material in the absence of an electric field: the y direction. One of the substrates is provided with a transparent indium tin oxide (ITO) electrode structure consisting of line electrodes with their long axis in the x direction. When a voltage is applied to the electrodes, there is an electric field inside the liquid-crystal layer in the yz plane. As a consequence, the liquid-crystal molecules align along the (curved) electric field lines, occupying the lowest possible energy state. As a result, there is a gradient in the liquidcrystal profile.
A. Working Principle
When a collimated beam of light (polarized in the yz plane) enters the liquid-crystal layer, light rays converge since we consider a liquid crystal for which n e Ͼ n o , where n o and n e are the ordinary and extraordinary refractive indices, respectively. To understand this, we consider the effective index of refraction for propagation in the vertical z direction. Figure 2(b) shows how the effective index of refraction n eff typically varies with the position y. An incident plane wavefront is transformed to a curved wavefront as can be seen in Fig. 2(c) . Since n e Ͼ n o , the portion of the wavefront in the center of the lens is delayed with respect to portions of the wavefront further away from the center. Then light rays are converging toward a focal point. Figure 2(d) shows the ray paths of an incident plane wave with an angle of incidence in . For a perfect Fig. 1 ). An ITO electrode structure induces an electric field along which the liquid-crystal molecules align (indicated by the black stripes). In (b), we show how the effective index of refraction typically varies with position between n o and n e , with n e Ͼ n o . The propagating wavefront of an incident plane wave (polarized in the yz plane) is depicted in (c). The ray paths that correspond to these wavefronts are depicted in (d), but this time for a plane wave with an angle of incidence in . Ideally, the ray paths focus at a distance f in the pixel plane of the display. collimation of the views, all light rays intersect at the focal distance f in the pixel plane of the display and then the angle of refraction out satisfies
where y = 0 is defined at the center of the lens. Note that, if out Ӷ 1, it is a linear function of the position y.
B. Experimental Results of a Liquid-Crystal GRIN Lens Structure
A schematic cross section of the liquid-crystal GRIN lens structure discussed in this paper is depicted in Fig. 3 . This advanced optical design of the GRIN lens structure (patented in [21] ) is based on the results of recent studies on GRIN lenses (cf. [5] , p. 852). One important issue is that in the neighborhood of the electrodes the liquid crystal does not align properly along the electric field lines.
Hence the liquid crystal in these particular regions does not contribute to the desired lens action. The region contributing to the lens action can be increased if (1) the distance between the line electrodes and the liquid-crystal layer is increased by adding an extra dielectric transparent layer and (2) a grounded ITO electrode layer is added parallel to the electrode wire structure on top of a second dielectric transparent layer (see Fig. 3 ). These features improve the electric field distribution inside the liquidcrystal layer and thus the lens performance [5, 21] . The relative dielectric permittivity of the two additional dielectric layers should be in the range of common glass ͑3.0Յ r Յ 5.0͒. In addition, for a lens pitch of 166 m, the thickness of the two dielectric layers should be of the order of 50 m. The width of the ITO electrodes is 10 m.
With the advanced optical design discussed above, the active region is approximately 60% of the lens pitch ͑100 m͒ with a focal distance f of approximately 1.8 mm in glass. Then the optical properties are close to the desired performance for application in an autostereoscopic 3D display.
The angle of refraction out [see Eq. (1)] for light at normal and oblique angles of incidence has been measured in an experiment. In the experimental setup, a focused laser beam scans the lens pitch of a GRIN lens (in the y direction of Fig. 2 ). The spot size in the waist of the focused laser beam is 24± 5 m. Then the position and the intensity of the refracted laser light are detected by a CCD camera. From these data the desired angle of refraction out in air is calculated. These measurements will be discussed to show the working principle and provide a reference for the lens action for light at normal incidence. Figure 4 shows the measured angle of refraction out (in air) as a function of position for an angle of incidence in = 0°. In the experiment a voltage of approximately 100 V (AC) is applied to the electrodes. From the figure we can see that, in the region where ͉y͉ Յ 45 m, out is approximately a linear function of y. This result is in agreement with Eq. (1) since out Ӷ 1 rad. The linearity of out for normal incidence ͑ in =0°͒ is out = −0.85 mrad/ m. In the region where ͉y͉ Ͼ 45 m, out is inaccurate because close to the electrodes light is scattered in various directions. For simplicity, the angle out at normal incidence will be approximated by an average: out = ± 38.25 mrad. Figure 4 also shows the experimental results for in = 10°, . . . , 40°with a step size of 10°. From the results we can conclude that the linearity of out decreases with increasing in . Next, we will briefly discuss the Huygens principle applied to a GRIN lens.
HUYGENS METHOD
The Huygens principle applied to an anisotropic liquidcrystal layer is derived in the paper by Kraan et al. (cf. [20] , p. 3468). In this section, we will discuss the basic principle of the Huygens method and refer to the paper of Kraan et al. [20] for further details.
In the Huygens method the propagation of light rays in the lateral y direction is assumed to be negligible inside the liquid-crystal layer. This means that, effectively, the thickness of the liquid-crystal layer is assumed to approach zero. This is a fair approximation since the ratio between the thickness and the lens pitch of the liquidcrystal layer is ͑ 12 166 =͒0.072. The method attributes an effective index of refraction to each position y of the liquidcrystal layer. This is achieved by averaging the effective index of refraction n eff ͑y , z͒ over the vertical z direction for each position y. As a result, the Huygens method does not take into account the inhomogeneous material properties in the vertical z direction.
For each position r inside the liquid crystal there is a director d ͑r͒. We assume that the director, the direction of 3 . Schematic cross section of the advanced optical design of a liquid-crystal GRIN lens structure [21] . The liquid-crystal mixture that is used is TL213, for which n o = 1.5271 and n e = 1.7659. propagation (indicated by the unit vector ŝ ), and the polarization of the light are all parallel to the yz plane. Hence light rays inside the liquid crystal are extraordinary. For extraordinary rays, we have
with s = ͉s͉ŝ = n eff ŝ and ŝ denotes the direction of propagation inside the liquid-crystal layer. For a fixed position y and direction of propagation ŝ , we can average the effective index of refraction over the vertical direction z. Then the average effective index of refraction is given by
where h is the thickness of the liquid-crystal layer. Figure 5 shows the geometry of a liquid-crystal GRIN lens with the relevant parameters indicated. We consider an incident plane wave with an angle of incidence in . The figure shows the Huygens spheres at positions y and y +dy. The Huygens spheres evolve differently at these two positions since the effective index of refraction varies over the distance dy. The emerging plane wave has an angle of refraction out . A temporal analysis (cf. [20] , p. 3468) of the evolution of the Huygens spheres leads to a relation between the angles in and out (cf. [20] , p. 3469, Eq. (8)),
where n glass is the index of refraction of the top and bottom glass substrates. The second term on the right side of Eq. (4) is an additional term to Snell's law in the presence of a gradient in the index of refraction in the y direction. In addition, we remark that n eff ͑y͒ is a function of in and ŝ . In Section 4, we will use the Huygens method to investigate the angular-dependent properties of the advanced GRIN lens structure.
RAY-TRACING SIMULATIONS BASED ON EXPERIMENTAL RESULTS
In this section, we first calculate the liquid-crystal director profile from the measurement presented in Fig. 4 . We will do this with the help of the (reverse) Huygens method discussed in Section 3. Second, using the calculated director profile d ͑y͒, we will investigate the angular-dependent optical properties of the GRIN lens structure using the Huygens method.
A. Averaged Director Profile
First, we calculate n eff ͑y͒ using Eq. (4) and out ͑y͒ for normal incidence. Note that out ͑y͒ in Fig. 4 applies in air. Then, with the help of Snell's law, Eq. (4) is rewritten for light at normal incidence ͑ in =0͒ in air ͑n air =1͒ as follows:
The averaged effective index of refraction n eff ͑y͒ can be obtained when integrating Eq. (5) on both sides. Then, for in = 0°, we have
since at the position y = 0 we have n eff ͑0͒ = n e [see Second, we calculate the averaged director d ͑y͒ using Eq. (2). Since we consider light at normal incidence, ŝ is in the vertical z direction (both in air and in the liquidcrystal layer). Then the inner product between ŝ and d ͑y͒ satisfies ͑ŝ , d ͒ = ͑ẑ , d ͒ = cos ␣, with ␣ being the angle between the vertical direction ẑ and the director d . Hence for a certain value of n eff we calculate the corresponding value for ␣ satisfying Eq. (2). The calculation is performed numerically with the Newton-Raphson method (cf. [22] , p. 355). The result is depicted in Fig. 6(b) . Then the averaged director is given by d ͑y͒ = ͑0 , sin ␣ , cos ␣͒.
B. Huygens Method
With the help of the director profile d ͑y͒ [see Fig. 6(b) ] and the Huygens method, we calculate the angle out ͑y͒ in air for an incident plane wave at different angles of incidence in . Note that the position y indicates the position where the light enters the liquid-crystal layer between two line electrodes. Figure 7 shows the result for in = 0°, . . . , 60°with steps of 10°. As expected, the simulated and the experimental out ͑y͒'s (see Fig. 4 ) match perfectly for in = 0°. This is because the averaged director d ͑y͒ used in the simulations is derived from the Huygens method itself. The comparison of the Huygens method Here it is assumed that n eff ͑y͒ Ͻ n eff ͑y +dy͒. The liquid-crystal layer has a thickness h and the indices of refraction of the two glass substrates are indicated by n glass .
with experimental results for larger values of in receives more attention in Section 5. With in increasing, the linearity of the angle out with the lateral position y decreases. As a result, the incident light is not focused properly for high values of in . In other words, the light emerging from the pixel plane of a 3D display is not perfectly collimated as depicted in Fig. 2(d) . The imperfections discussed are not a problem for the 3D performance of a 3D display, since a lenticular slightly out of focus with the pixel plane results in a more uniform total angular intensity distribution of a 3D display (cf. [4] , p. 3). However, the spot of the focused light beam at the pixel plane should not overlap two neighboring pixels, since then the 3D performance will decrease. In Fig. 7 the lens effect appears to be acceptable for viewing angles less than approximately 30°. This will be discussed further in Section 5.
RAY-TRACING SIMULATIONS BASED ON A SIMULATED LIQUID-CRYSTAL PROFILE
In the following exercises, we simulate the director profile to calculate the angular-dependent optical properties of the GRIN lens structure depicted in Fig. 3 . The resulting numerical director profile is inhomogeneous in both the y and z directions. In this section, we investigate the angular-dependent behavior of the liquid-crystal lens structure in three different cases: (1) the Hamiltonian principle applied to the simulated director profile d ͑y , z͒, (2) the Hamiltonian principle applied to the averaged simulated director profile d ͑y͒, and (3) the Huygens method applied to the averaged director profile.
A. Simulated Director Profile
With the definition of the optical configuration depicted in Fig. 3 , we simulate the director profile of the liquidcrystal layer between two line electrodes. The director profile is calculated numerically with the optical analysis software program LCD Master [7] . It was found that in the simulations a voltage of 200 V is needed to produce the same lens action as obtained in the experiment at 100 V. The explanation for this is subject to debate. However, the main result here is that we now have a director profile for the specific optical configuration of Fig. 3 that produces a lens action verified by experimental results. The properties of the liquid crystal (TL213 mixture) that we use in the simulations are listed in Table 1 . There the values of the elastic constants K 11 , K 22 , K 33 ; the static dielectric permittivity ⌬ = ʈ − Ќ ; and the viscosity ␥ of the liquid crystal are indicated. These material properties are important input parameters for the LCD Master program.
The resulting numerical director profile is depicted in Fig. 8(a) . Clearly, the director profile is inhomogeneous in both the y and z directions. When we average the director profile over the thickness h of the liquid-crystal layer, we obtain the profile depicted in Fig. 8(b) . 
B. Huygens Method
In this subsection, we apply the Huygens method to the numerical director profile d ͑y͒ depicted in Fig. 8(b) . First, we calculate the direction of propagation s in the liquidcrystal layer with the help of the classical theory on anisotropic interfaces summarized in [19] (pp. 1265-1266). Then we use Eqs. (2) and (3) to calculate n eff ͑y͒ and apply Eq. (4). Figure 9 shows the result for out ͑y͒ for in = 0°, . . . , 50°, with steps of 10°(dashed curves). The figure also shows the experimental result for in = 0°. From the figure we conclude that for in = 0°in the region of y =0 m the slope (angular change per unit length) of out ͑y͒ is slightly smaller than the slope of the experimentally obtained result. In other words, the Huygens method predicts a lens effect that is slightly weaker than the lens effect obtained from the experimental characterization.
Finally, Fig. 10 shows the effective index of refraction for various values of in . Clearly, the maximum of the parabolic curve is shifted to the left for increasing angle of incidence. In fact, the position y in Fig. 10 for which n eff = n e is equivalent to the position y in Fig. 9 for which out − in =0.
C. Hamiltonian Method Applied to the Averaged Director Profile
Next, we apply the Hamiltonian method to the averaged director profile d ͑y͒ depicted in Fig. 8(b) . With the propagation vector s at the liquid-crystal interface at z =0 m as a boundary condition, we apply the Hamiltonian principle to calculate the curved ray path inside the liquidcrystal layer. The corresponding canonical equations for the position r and momentum s are given by
with being a parameter that can be considered as time, and the partial derivatives read Fig. 3 . The result is obtained using the simulation program LCD Master [7] . The director profile is inhomogeneous in both the y and z directions and can be used for the Hamiltonian principle. (b) The resulting director profile d ͑y͒ when averaged over the vertical z direction. Fig. 9 . Ray-tracing results of the Huygens method (dashed curves) for in = 0°, . . . , 50°, with steps of 10°. The experimental result for in = 0°is also depicted. The figure also shows the raytracing results of the Hamiltonian method applied to the averaged director profile depicted in Fig. 8(b) (solid curves). 
where H͑r , s͒ is a scalar function describing the anisotropy of the extraordinary propagation vector s (cf. [19] , p. 1269). The function H = 0 is called the refractive-index ellipsoid or optical indicatrix. These equations are a set of six coupled first-order differential equations for the vector components of r͑͒ and s͑͒. These differential equations can be solved with, e.g., the first-order Runge-Kutta method, also known as the Euler method (cf. [22] , p. 704).
At z =12 m we calculate the refracted propagation vector s and the angle out . The ray-tracing results are depicted in Fig. 9 (solid curves) together with the results of the Huygens method (dashed curves). Similar to the conclusion for the Huygens method, the lens effect according to the Hamiltonian method for in = 0°is slightly weaker than the lens effect observed in the experimental characterization. In addition, the Huygens and the Hamiltonian methods produce similar results, but the difference between them increases if in increases. This is because when we apply the Hamiltonian method the ray paths of light rays are curved inside the liquid-crystal layer. Then the deflection of light rays from their original direction of propagation (at z =0 m) increases with the optical path length inside the liquid-crystal layer and thus with angle in .
For an angle of incidence in smaller than approximately 40°, we conclude that the results of both the Huygens and the Hamiltonian methods are equivalent. In addition to this, we conclude that the Hamiltonian method predicts a stronger lens effect than the Huygens method for angles of incidence approximately above 40°.
D. Hamiltonian Method
Finally, we apply the Hamiltonian method to the simulated director profile d ͑y , z͒ depicted in Fig. 8(a) . This time, for in = 0°, there is a good match between the experimental lens effect and the lens effect according to the ray-tracing results as can be seen in Fig. 11 . For approximately in Ն 10°, the lens effects depicted in Fig. 11 (solid curves) are significantly stronger than the lens effects obtained from the averaged director profile (dashed curves). This is due to the fact that the numerical director profile in Fig. 8(a) is inhomogeneous in both the y and z directions. This means that, locally, the gradients in the index profile of the liquid crystal are higher and ray paths of light rays are converged more strongly. Figure 12 shows out ͑y͒ according to the experimental characterization, the Huygens method, and the Hamiltonian method for in = 20°[ Fig. 12(a) ] and for in = 40°[ Fig. 12(b) ]. From the results we can conclude that both the Huygens and the Hamiltonian methods are in good agreement with the experimental results in the region where ͉y͉ Յ 45 m (active region of the GRIN lens). However, the discrepancies between the model and the experiment increase with the distance from the center ͑y =0 m͒ and with increasing in . This is because, for high values of in , light rays entering the active region of the liquid-crystal GRIN lens ͉͑y͉ Յ 45 m͒ can penetrate the region close to the line electrodes ͉͑y͉ Ͼ 45 m͒. These observations can be explained in view of two effects. On one hand, the properties of the liquid crystal in the region of the line electrodes are not well defined, since the liquid crystal does not align properly along the electric field lines. On the other hand, the simulated director profile is Fig. 11 . Ray-tracing results of the Hamiltonian method applied to the director profile d ͑y , z͒ depicted in Fig. 8(a) for in = 0°, . . . , 50°, with steps of 10°. The results are presented together with the Huygens results of Fig. 9 . The experimental result for in = 0°is also depicted. Clearly, the Hamiltonian method predicts a stronger lens action than the Huygens method does. prone to errors close to the line electrodes, since there the electric field changes rapidly per unit length.
Finally Fig. 13 shows the ray paths of light rays for in = 0°, . . . , 50°with steps of 10°. The light rays for in = 0°are deflected by the GRIN lens structure and are focused in the pixel plane at approximately z = 1800 m. Clearly, the lens action of the GRIN structure decreases with the angle of incidence: for angles of approximately 30°and higher, the lens action has become significantly weaker. At 30°, the light spot at the pixel plane is 100 m while the width of a subpixel is 85 m. Then the light spot at the pixel plane covers two neighboring pixels of the LCD. As a result, for high viewing angles two neighboring views (see Fig. 1 ) have too much overlap compromising the 3D performance.
CONCLUSIONS
We have investigated the angular-dependent optical behavior of an advanced liquid-crystal GRIN lens structure. This GRIN lens structure is designed for application in switchable autostereoscopic 2D/3D displays and is equivalent to the functionality of a switchable lenticular.
To model the angular-dependent optical properties of the liquid-crystal GRIN lens structure, we have used the Huygens and the Hamiltonian methods. The Huygens method is based on a one-dimensional approach. This is a fair approximation since the ratio between the thickness and the lens pitch is much smaller than 1 (0.07). In contrast to the Huygens method, the Hamiltonian method takes into account the full inhomogeneous material properties of the liquid crystal.
The director profile of the advanced liquid-crystal GRIN lens structure has been calculated in two different ways. First, an averaged director profile has been calculated from experimental results. This has been done by applying the Huygens method in reverse. Second, a numerical director profile has been simulated using LCD Master. This numerical director profile is inhomogeneous in two dimensions.
Based on the ray-tracing simulations, we conclude that the lens action of the advanced GRIN lens structure decreases with increasing angle of incidence. Moreover, the difference between the Hamiltonian and the Huygens methods increases with increasing angle of incidence. This is due to the fact that in contrast to the Huygens method, the Hamiltonian method incorporates the fact that ray paths of light rays are curved.
The regions near the line electrodes have relatively high gradients in the liquid-crystal profile. In theory, these regions are appropriate to visualize the difference between the Huygens and the Hamiltonian methods. However, in these specific regions, the liquid crystal does not align properly along the electric field lines and therefore does not contribute to the desired lens action. In addition, the simulated numerical director profile is prone to errors in the region of the line electrodes. Therefore both the theoretical and experimental results are inaccurate in these regions.
From the ray-tracing results we conclude that, for small viewing angles in a 3D display, the light from the pixel plane is well collimated by the GRIN lens structure. For large viewing angles of approximately 30°and higher, the lens action of the GRIN lens is significantly weaker. At 30°, the light spot at the pixel plane is 100 m while the width of a subpixel is 85 m. Then the 3D performance of the 3D display is compromised. This is an important reason why the application of liquid-crystal GRIN lenses in 3D displays for high viewing angles is still in need of further research. The general approach and the advanced ray-optics analysis procedures presented in this paper form a useful tool in the search for improvements and enable a better understanding of the liquid-crystal technology discussed.
